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Investigation of Nonlinear Eddy-Viscosity Turbulence Models
in Shock/Boundary-Layer Interaction

G. Barakos¤ and D. Drikakis†

UMIST, Manchester, England M60 1QD, United Kingdom

Validationof nonlinear two- and three-equation, eddy-viscosity turbulence models (NLEVM) in transonic � ows
featuring shock/boundary-layer interaction and separation is presented. The accuracy of the models is assessed
againstexperimental results for two transonic � ows over bumpgeometries. Moreover, the accuracy and ef� ciency of
NLEVMs is also assessed in contrast to numericalpredictions obtainedby a variety of other modelsemployed in this
study. These include two linear eddy-viscosity k–² models, the k–! shear-stress transport model, and a nonlinear
version of the k–! model. Discretization of the mean � ow and turbulence transport equations is obtained by a
characteristics-based scheme (Riemann solver) in conjunction with an implicit unfactored method. The study
shows that NLEVMs improve the numerical predictions in shock/boundary-layer interaction, compared to the
linear models, but they require longer computing times.

Nomenclature
A = Lumley’s � atness parameter,

´ 1 ¡ 9
8 ( A2 ¡ A3)

A2 = second invariant of Reynolds-stress anisotropy,
´ a i j a i j

A3 = third invariant of Reynolds-stress anisotropy,
´ a i k a k j a ji

c = bump length
cp = speci� c heat capacity at constant pressure
cv = speci� c heat capacity at constant volume
E , G, Ev , Gv = inviscid and viscous � uxes, in curvilinear

coordinates
Ẽ , G̃ , Ẽv , G̃v = inviscid and viscous � uxes, in Cartesian

coordinates
e = total energy of the � uid per unit volume
H = source term
HA = contribution to the source term originating from

the axisymmetric formulation of the governing
equations

J = Jacobian of transformation from Cartesian
to curvilinear coordinates

k = turbulent kinetic energy, u 0
i u

0
i / 2

Pi j = turbulenceproduction Pi j = ¡ q u 0
ku

0
i (@u j / @xk) ¡

q u 0
k u 0

j (@u i / @xk )
Pr = Prandtl number, q l cp / k
Prt = turbulent Prandtl number, q l t cp / k
p = pressure
p0 = reservoir pressure for Délery’s case
p1 = reference pressure for case 8611
Çqi , Çqli , Çqti = total, molecular, and turbulent heat � ux rates

in the xi coordinate direction
R = ideal gas law constant
R̃t = near-wall Reynolds number, q k2 / l ²̃
S = strain invariant, ´

p
(Si j Si j / 2)

Si j = strain tensor, ´ @ui / @x j + @u j / @xi

Sk , S u = contributions to the source term H̃ originating
from the transport equations of the turbulence
model
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T = temperature
T0 = reservoir temperature for Délery’s case
t = time
u i = mean velocity component in the xi direction

(i =1, 2)
u s = friction velocity
xi = Cartesian coordinates (i =1, 2; x =x1; z = x2 )
y = distance from solid boundary
y+ = wall distance, yq u s / l
a i j = Reynolds-stress anisotropy, ´ u 0

i u
0
j / k ¡ 2

3
d i j

c = ratio of speci� c heats, ´ cp / cv

d = boundary-layer thickness
d i j = Kronecker delta
d ¤ = displacement thickness of boundary layer
² = dissipation rate of k
²̃ = isotropic dissipation rate of k, ´ ² ¡ ²̂,

²̂ ´ 2( l / q )(@
p

k / @x j )2

²i j = dissipation rate of Reynolds-stress components
j = thermal conductivity
l = coef� cient of dynamic viscosity
l T = eddy viscosity
n i , f = curvilinear coordinates
q = density
¡ q u 0

i u
0
j = Reynolds-stress tensor

s = time in the curvilinear coordinate system
s i j = total stress tensor
s lij = molecular stress tensor
s tij = turbulent Reynolds-stress tensor
u = scalar variable
u i j = pressure-strain term in the A2 equation
u w

i j = wall-re� ection term of u i j

u i j
1 = return-to-isotropyfragment in pressure-strain

term in the A2 equation
u 2

i j = rapid fragment in pressure-strain term in the
A2 equation

X = vorticity invariant, ´
p

( X i j X i j /2)
X i j = vorticity tensor, ´ @u i / @x j ¡ @u j / @xi

x = speci� c turbulent dissipation rate, turbulent
frequency, ´ ²/ k

I. Introduction

S HOCK/BOUNDARY-LAYER interaction appears in many
aeronauticalapplicationssuch as � ows in compressor passages

and around turbomachinery blades and external � ows over air-
craft wings and helicopter blades. The aerodynamic performance
in these applications depends strongly on the location and strength
of the shocks, as well as on the � ow separation induced by the
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shock/boundary-layer interaction. Accurate prediction of the pre-
ceding � ow phenomena is of primary technological importance,
and their simulation remains a challenging problem because of the
complex physics involved.

In the past, the phenomenon of turbulent shock/boundary-layer
interaction has been the subject of extensive experimental and nu-
merical investigations.The experimentsin Refs. 1–5 havebeenused
extensivelyin computational� uid dynamics (CFD) validationstud-
ies of turbulence models. Past research has revealed that the accu-
racy of numerical calculationsis mainly dictated by the accuracyof
the turbulence model. Experience using zero-equation turbulence
models6 has shown that these models do not provide satisfactory
results, especially when � ow separation is present. Linear eddy-
viscosity models assume an explicit algebraic relationshipbetween
Reynolds stresses and mean strain, known as the Boussinesq ap-
proximation.These models provide satisfactoryresults for attached,
fully developed turbulent boundary layers with weak pressure gra-
dients and are also relatively easy to implement into CFD codes.
However, the predictions deteriorate when all components of the
Reynolds-stresstensorbecomedynamicallysigni� cant.Linear low-
Reynolds two-equation models seem to offer the best balance be-
tweenaccuracyandcomputationalcost,butbecauseof theemployed
Boussinesq approximation of the Reynolds-stress tensor, they are
not able to capture effects arising from normal-stress anisotropy.
Second-moment closures offer a more exact representation of the
Reynolds stressesbut require more computingresourcesand careful
numerical implementation for obtainingstable numerical solutions.
Reynolds-stress models have been used in the past to investigate
shock/boundary-layer interaction.7, 8 These studies showed that in
certain cases second-moment closures provide better results than
linear models, but in other cases the results are inconclusive.

The objective behind the development and validation of nonlin-
ear eddy-viscosity turbulence models (NLEVMs) is to introduce
closures that incorporate key features of the Reynolds-stress mod-
els but which, however, require computational effort comparable
to linear two-equation eddy-viscosity models. At present, nonlin-
ear models seem to be one of the alternative routes for advanced
modeling of turbulence beyond the linear eddy-viscosity models.
For nonlinear models the eddy viscosity l T is still obtained by an
algebraicrelation,which involves the turbulentkinetic energyk and
turbulent dissipation ² or dissipation rate x , but the calculation of
the Reynolds-stress components involves the quadratic and cubic
products of the strain and vorticity tensors. Nonlinear models are
still being re� ned and validated for steady � ows, mainly two dimen-
sional and incompressible,9 – 11 whereas limited experiencehas been
acquired from applications to compressible � ows.12, 13

The aim of the presentstudy is to validate two- and three-equation
NLEVMs in transonic� ows with shock/boundary-layerinteraction.
The speci� c objectivesof thispaper are1) to validatethe accuracyof
thecubicNLEVM byCraftet al.10 aswell as the three-equationcubic
NLEVM by Suga14 against experimental results for transonic � ows
over bump geometries1 – 5 ; 2) to compare the NLEVM predictions
with those obtained by a variety of other models, including the
Launder–Sharma15 and Nagano–Kim16 linear k–² EVMs, the two-
equation k– x shear-stress transport (SST) model by Menter,17, 18

and the nonlinear k– x model by So� alidis and Prinos19; and 3)
to evaluate the ef� ciency of the models by comparing the CPU
time of the NLEVM and linear eddy-viscositymodel (EVM), when
these are implemented into the same numerical framework, namely
in conjunction with the same discretization scheme and iterative
solver.

The paper is organized as follows: Sec. II presents the governing
equations and numerical method, Sec. III summarizes the NLEVM
formulationsemployed in this study, Sec. IV presents and discusses
the results, and � nally,Sec. V containsconclusionsfrom the present
study.

II. Mathematical Model
The time-averaged Navier–Stokes equations for a compressible

� uid are employed:

@q

@t
+

@

@xi
( q u i ) = 0 (1)

@q ui

@t
+

@

@xi
( q ui u j + p d i j ¡ s i j ) = 0 (2)

@e

@t
+

@

@xi
[u i (e + p) ¡ u i s i j + Çqi ] = 0 (3)

In the precedingequationsthe ideal gas equationof state (p = q RT )
is used to calculate the pressure p, and s i j denotes the sum of the
laminar and Reynolds-stress tensors.

To close the preceding system of equations, the de� nitions of
the turbulent Reynolds stresses and heat � uxes Çqi as functions of
the mean � ow quantities is required. For the linear EVM the stress
tensor is de� ned, according to the Boussinesq approximation, to
be proportional to the mean strain-rate tensor, with the factor of
proportionality being the eddy viscosity l T . The eddy viscosity is
modeled in terms of the turbulent kinetic energy and a turbulence
scale variable.The total stressesand heat � uxes for the case of linear
EVMs are calculated as follows:

s i j = s lij + s tij (4)

s lij = l (Si j ¡ Snn d i j /3) (5)

s tij = l T (Si j ¡ Snn d i j / 3) ¡ 2 q k d i j /3 (6)

The heat-� ux rates are modeled according to Fourier’s law as

Çqi = Çqli + Çqti = ¡
³

l

Pr
+

l T

PrT

´
@T

@xi
(7)

Different formulations are used for the NLEVM, and these are pre-
sented in Sec. III.

The compressibleNavier–Stokes equations in conjunctionwith a
two-equation turbulencemodel can be written in a matrix form and
for a curvilinear ( s , n , f ) coordinate system as

@U

@s
+

@E

@n
+

@G

@f
=

@Ev

@n
+

@Gv

@f
+ H (8)

where

U = J Ũ , Ũ = ( q , q u, q w , e, q k, q u )T , H = J H̃

(9)

and u may be one of the following: the turbulent dissipation rate ²,
the isotropic part of the turbulent dissipation rate ²̃, or the speci� c
turbulent dissipation rate x .

The matrix H̃ has nonzero entries for the source terms of the
turbulence-model equations as well as for terms from the axisym-
metric formulation:

H̃ = (0, 0, 0, 0, Sk , Su )T + HA (10)

where the � rst matrix corresponds to the turbulence model source
terms and the secondone (HA ) holds sourcesfrom the axisymmetric
formulation.20

The inviscid E , G, and viscous Ev , G v � uxes are written in
curvilinearcoordinatesas functionsof theircorrespondingCartesian
counterparts, e.g.,

E = J ( Ẽ n x + G̃ n z) (11)

Because the aim of the present study is the validation of turbu-
lence models, a very brief descriptionof the numerical method em-
ployed for the solution of the governing equations is given here.
A detailed description can be found in Ref. 21. A third-order up-
wind scheme in conjunction with a characteristics-based � ux aver-
aging (Riemann solver) is used to calculate the inviscid � uxes at
the cell faces of the computationalvolumes.22 – 24 Limiters based on
the squares of second-orderpressure derivativeshave been used for
detecting shock waves and contact discontinuities,whereas central
differences are used for discretizing the viscous terms. Both ex-
plicit and implicit schemes have been implemented into the CFD
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code.21 In the present study the implicit version of the method has
been employed according to which the six or seven equations—in
the case of a three-equation turbulence model—are simultaneously
solved by an implicit-unfactoredmethod, which combines Newton
subiterations and Gauss–Seidel relaxation.

III. Turbulence Modeling
The idea behind NLEVMs can be found in the paper by Pope,25

and later Speziale26 and Speziale and Ngo27 demonstratedthe ability
of nonlinear models to capture secondary � ows in ducts. Further-
more, Rubinstein and Barton28 developed a nonlinear model based
on the renormalizationgroup theory,29, 30 and Shih et al.31 developed
a realizable nonlinear algebraic-stressmodel. Other attempts to use
advanced turbulence models in aerodynamic � ows can be found in
the works by Gatski,12 Jiang et al.,32 Lien and Leschziner,33 and
Barakos and Drikakis.13

Craft et al.9 and Suga14 developedlow-Reynolds,cubicNLEVMs
andappliedthem to incompressible� ows. Their studiesindicate that
these models are able to give results close to the ones obtained by
second-moment closures. Both models employ a cubic expansion
of the Reynolds-stresstensor in terms of the strain and vorticity in-
variants in contrast to the quadraticexpansionemployedby Speziale
and Ngo.27 Although the precedingmodels originate from the linear
k–² EVM, the development of nonlinear k– x EVM has also been
made by other authors.19

The interest of the scienti� c community in NLEVM is justi� ed
by the promisingcapabilitiesof these models to captureeffects aris-
ing from Reynolds-stress anisotropy in complex � ow conditions. It
also appears that they are more economic in terms of computing
resources compared to the Reynolds-stresstransport models. How-
ever, the level of complexity of NLEVM can also be high, and their
numerical implementation may become cumbersome.

In the present work the capabilities of NLEVMs for predict-
ing shock/boundary-layer interaction are investigated against ex-
perimental data and results obtained by linear EVMs. Therefore,
the following models have been employed: the Nagano–Kim k–²
(Ref. 16), the Launder–Sharma (LS) k–² (Ref. 15), the SST k– x by
Menter (SST),17, 18 the cubic nonlinear k–² model by Craft et al.9

(NL k–²), the cubic nonlinear k–²– A2 model by Suga14 (NL k–²–

A2), and the cubic nonlinear k– x model by So� alidis and Prinos19

(NL k– x ). The nonlinear models considered here have been cal-
ibrated in the past against experimental data for incompressible
� ows, and no change has been introduced here regarding models,
coef� cients, and source terms.

A description of the nonlinear models is given in the next para-
graphs, whereas the description of the linear k–² models as well as
of the SST k– x model can be found in the correspondingreferences.

A. Cubic Nonlinear k–² EVM
For the k–² NLEVM by Craft et al.,10 the transport equations for

k and ²̃ are

@q k

@t
+

@q ui k

@xi
= dk + Pk ¡ q ² (12)

@q ²̃

@t
+

@q ui ²̃

@xi
= d²̃ + c²1 Pk

²̃

k
¡ c²2

q ²̃2

k
+ P²3 + S² (13)

In the precedingequation the summation standsonly for the i index,
and the diffusion terms dk and d²̃ are written as

dk =
@

@xl

³³
l +

l T

1.0

´
@k

@xl

´
, d²̃ =

@

@xl

³³
l +

l T

1.3

´
@²̃

@xl

´

(14)

The production term Pk and the near-wall term P²3 are

Pk = q c l f l ²̃S̃ ˜X (15)

P²3 = 0.0022
S̃ l T k2

²̃

³
@2ui

@xk @xl

2́

, R̃t · 250 (16)

P²3 = 0, R̃t ¸ 250 (17)

and the coef� cients c²i of the dissipation equation have the values

c²1 = 1.44, c²2 = 1.92
£
1 ¡ 0.3 exp

¡
¡ R̃2

t

¢¤
(18)

S̃ and ˜X are the normalized invariants of the strain and vorticity
tensors S and X , respectively:

S̃ ´
k

²̃

s
S 0

i j S
0
i j

2
, S 0

i j ´ Si j ¡
1

3
d i j Skk , ˜X ´

k

²̃

r
X i j X i j

2
(19)

Finally, the so-called Yap’s correction S² is

S² = max

"
0.83

±
k

3
2

2.5²̃y
¡ 1

!±
k

3
2

2.5²̃y

!2

q ²̃2

k
, 0

#
(20)

where y is the distance from the wall.
Becauseof themarginalimprovementprovidedin most � ow cases

by quadraticnonlinearexpansionsof the anisotropyReynolds-stress
tensor ai j , a cubic expansion has been suggested by Craft et al.10:

ai j = ¡
l T

q k
S 0

i j + c1
l T

q ²̃

³
S 0

ik S 0
k j ¡

1

3
S 0

kl S
0
kl d i j

´

+ c2
l T

q ²̃
( X ik S 0

k j + X jk S 0
ki ) + c3

l T

q ²̃

³
X ik X j k ¡

1
3

X lk X lk d i j

´

+ c4
l T k

q ²̃2
(S 0

ki X l j + S 0
k j X li )S 0

kl + c5
l T k

q ²̃2

³
X il X lm S 0

m j

+ S 0
il X lm X m j ¡

2

3
S 0

lm X mn X nl d i j

´
+ c6

l T k

q ²̃2
S 0

i j (S 0
kl S

0
kl ¡ X kl X kl)

(21)

The precedingis, subsequently,used to calculate the componentsof
the Reynolds-stress tensor.

The coef� cients ci appearing in Eq. (21) take the values

c1 = ¡ 0.1, c2 = 0.1, c3 = 0.26

c4 = ¡ 10c2
l , c5 = 0, c6 = ¡ 5c2

l (22)

The eddy viscosity is calculated by

l T = c l q f l (k2 / ²̃) (23)

where

cl =
0.3{1 ¡ exp[ ¡ 0.36 exp(0.75g )]}

1 + 0.35g 1.5
(24)

f l = 1 ¡ exp
£
¡ ( R̃t / 90)

1
2 ¡ ( R̃t /400)2

¤
(25)

g = max( S̃, ˜X ) (26)

Such functional form of c l has been found to be bene� cial in � ows
far from equilibrium and has also been employed in the work by
Liou and Shih34 for shock/boundary-layer interaction problems.

B. Cubic Nonlinear k–²–A2 EVM
To obtain a better representationof the turbulenceanisotropy,the

three-equation model by Suga14 uses an additional transport equa-
tion for the second invariant A2 of the Reynolds-stress anisotropy
tensor.As reportedin Refs. 14 and 35, inclusionof the third equation
makes the numerical results comparable to thoseobtainedby differ-
ential Reynolds-stressmodels. In addition, the CPU time is slightly
increased, while the model becomes free of the wall-distance.

The extra equation for the invariant A2 of the turbulence aniso-
tropy tensor ai j is written as

DA2

Dt
= d A2 ¡ 2

A2

k
Pk + 2

ai j

k
Pi j + 2

ai j

k
u i j + 2

A2

k
² ¡ 2

ai j

k
²i j

(27)



464 BARAKOS AND DRIKAKIS

where the diffusive part d A2 is modeled as

d A2 =
@

@xk

³³
m d kl + 0.22 fgu 0

k u 0
l

k

²̃

´
@A2

@xl

´
(28)

and the pressure-strain term u i j is

u i j = u i j1 + u i j2 + u w
i j (29)

u i j1 = ¡ c̃1²
£
ai j + c 0

1

¡
aik a jk ¡ 1

3
A2 d i j

¢¤
¡

p
A ¤ ²ai j (30)

u i j2 = ¡ 0.6
¡
Pi j ¡ 1

3
Pkk d i j

¢
+ 0.3²ai j (Pkk /²) (31)

u i jw = ¡ c2w
@ul

@xm
u 0

lu 0
m

³
@l f

@xq

@l f

@xq
d i j ¡ 3

@l f

@xi

@l f

@x j

´

¡ c 0
2w k

³
alm

@uk

@xm

@l f

@xl

@l f

@xk
d i j ¡

3

2
alm

@ui

@xm

@l f

@xl

@l f

@x j

¡
3

2
alm

@u j

@xm

@l f

@xl

@l f

@xi

´
+ c 0 0

2w k
@ul

@xm

@l f

@xl

@l f

@xm

£
³

@l f

@xi

@l f

@x j
¡

1

3

@l f

@xq

@l f

@xq
d i j

´
(32)

The dissipation tensor ²i j is modeled as

²i j = f²²
¤
i j + (1 ¡ f²) 2

3
d i j ² (33)

² ¤
i j =

³
2

l

q
f ¤
²

@
p

k

@xm

³
@

p
k

@xi

u 0
j u

0
m

k
+

@
p

k

@x j

u 0
i u

0
m

k

´

+ 2
l

q
f ¤
²

@
p

k

@xk

@
p

k

@xm

u 0
ku

0
m

k
d i j +

u 0
i u

0
j

k
²

´

,³
1 +

5 l f ¤
²

q ²

@
p

k

@xk

@
p

k

@xm

u 0
ku

0
m

k

´
(34)

The coef� cients and functions for the A2 transport equation are
given by

c̃1 = 3.1 min
¡p

A2 , 0.5
¢ p

A ¤ f u , c 0
1 = 1.2 (35)

c2w = 0.088A2
2 , c 0

2w = 0.16A2
2, c 0 0

2w = 1.2 f u A2
2 (36)

l f =
1 ¡ exp( ¡ R̃t / 30)

1 + 3.5A2
2

k1.5

²
, f u = 1 ¡ exp

"

¡
³

R̃t

80

2́
#

(37)

fA = exp( ¡ 20A 0 0 2) (38)

f² = 1 ¡ f u [1 ¡ exp( ¡ 20A ¤ 1.5)], f ¤
² = 1 ¡ exp

³
¡ R̃t

1 + 2A2
2

´

(39)

The effective values of A appearing in damping functions and co-
ef� cients of the transport equation are given next:

A ¤ = fA A 0 + (1 ¡ f A) A 0 0 , A 0 = A

³
1 ¡ exp

³
¡ R̃2

t

1 + 24A2

´´

(40)

A 0 0 =

(
1 ¡

9

8

"
A2 ¡ A3

³
A2

ai j ai j

1́.5
#)(

1 ¡ exp

"
¡

³
R̃t

10

2́
#)

²̃

²

(41)

This model uses the same expansionof the anisotropy tensor as the
two-equation models; however the ci coef� cients are different. In
addition, the effective values S ¤

i j and X ¤
i j of S 0

i j and X i j :

S ¤
i j = r g S 0

i j , X ¤
i j = r g X i j (42)

are used in the cubic expansionof a i j . The modi� ed closure coef� -
cients are given by

c1 = ¡ 0.05
fq

f l

, c2 = 0.11
fq

f l

, c3 = 0.21
fq S̃

f l ( S̃ + ˜X ) / 2

(43)

c4 = ¡ 0.8 fc , c5 = 0, c6 = ¡ 0.5 fc (44)

while cl is also modi� ed as

c l =
0.667r g

©
1 ¡ exp

£
¡ 0.415 exp

¡
1.3 g

5
6
¢¤ª

1 + 1.8 g
(45)

Additionally, all damping functions are now free of wall-distance
dependencies, and these are listed next:

fq =
r g

(1 + 0.0086g 2)
1
2

, fc =
r 2

g

1 + 0.45g 2.5
(46)

f l =
1.1

p
²̃/ ²[1 ¡ 0.8 exp( ¡ R̃t /30)]
1 + 0.6A2 + 0.2A3.5

2

(47)

g = max( S̃, ˜X )r g (48)

r g = 1 +
©
1 ¡ exp

£
¡ ( A2 /0.5)3

¤ª£
1 + 4

q
exp( ¡ R̃t /20)

¤
(49)

The structureof the transportequationsfor k and ²̃ remains the same
as for the two-equationNLEVM; however, the diffusionand source
terms are different:

Pk = q cl f l ²̃S̃ ˜X (50)

dk =
@

@xk

³³
l d kl + 0.22 fgu 0

ku
0
l

q k

²̃

´
@k

@xl

´
(51)
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@xk

³³
l d kl + 0.18 fgu 0

k u 0
l

q k

²̃

´
@²̃

@xl

´
(52)

fg = 5(²/ ²̃)
1
2 ¡ 4(²/ ²̃)

1
4 (53)

c²1 = 1 + 0.15(1 ¡ A ¤ ) (54)

c²2 = 1.92

,"

1 + 0.7

±
1 ¡

1

1 + R̃2
t
ê 400

!
p

A2 max(0.25, A ¤ )

#

(55)

P²3 = 1.2
l l T

q
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@2u i

@xk @x j

+ 1
l l T
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@xk
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@xl

@2ui

@xk @xl

(56)

S² = ¡
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k
exp

³
¡

R̃2
t

4

´
+ 35

³
@ui

@xm

@l

@xl

@l

@xm

´

£
³

@u p

@xq

@l

@xp

@l

@xq

´
q k²̂

²̃
(57)

where l ´ k1.5 / ².

IV. Results
The bump geometry is one of the most broadly used con� gu-

rations for validating turbulence models in shock/boundary-layer
interaction.The simulationof � ows over bump geometrieshas been
the subject of various efforts such as the BRITE/EURAM EU-
ROVAL project36 and the AFOSR–HTTM–Stanford Conference,37

as well as more recent studies, e.g., Ref. 38 (and references
therein). Two transonic � ow cases over bump geometries, involving
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shock/boundary-layerinteractionand separation,have been consid-
ered in this work. For both test cases surface pressure as well as
laser Doppler velocimetry measurements are available, and, thus, it
is possible to assess the accuracy of the models by comparing the
velocity and turbulent shear-stress pro� les at various positions.

For the � rst bump � ow case considered here, identi� ed as Case
8611 at the 1980AFOSR–HTTM–Stanfordconference,experimen-
tal data have been contributedby Johnson et al.2 A schematic repre-
sentationof the � ow con� guration is shown in Fig. 1a. A freestream
is allowed to form a boundary layer around a cylinder placed in
front of the bump. The leading edge of the bump is smooth, and at
its origin the center of the coordinate system (i.e., x =z =0) has
been placed. The bump is assumed symmetric around the cylinder,
and its length c has been used as the characteristic length of the
problem. A detaileddescriptionof the bump geometry can be found
in Ref. 1. Because the axisymmetric con� guration provides a � ow
freeof three-dimensionaleffects,the precedingcase is consideredas
one of the very few two-dimensional cases available for validation
of turbulence models in transonic � ow conditions.39, 40 The work-
ing � uid is air at M 1 =0.875, and the Reynolds number per unit
length is Re/m =13.6 £ 106 / m. The experimental data obtained at
the NASA Ames Research Center transonic wind tunnel2 revealed
a shock over the bump at about x /c =0.63 as well as separation of
the boundary layer occurring between x / c =0.7 and 1.1.

The second test case, identi� ed as ONERA Case C, has been
contributed by Délery at the 1980–81 Stanford Conference.4 , 37 In
Fig. 1b a schematic of the geometry is shown, and the exact de-
scription can be found in Refs. 4 and 37. For this case the inlet
Mach number is 0.63. The � ow is accelerated over the bump until
a Mach number close to 1.4 is achieved. The value of the down-
stream pressure, which is controlledby an adjustable throat, results
in a normal shock wave above the trailing edge of the bump. The
pressure gradient induced by the shock is strong enough to create
boundary-layer separation on the lower wall. Downstream of the
separation point, the � ow becomes again supersonic, and a second
shock quasi-normal to the lower wall is formed. The two shocks
join each other above the interactionzone and form a single normal
shock that interacts with the boundary layer on the upper wall. The
separation and reattachment points were found to be at x =0.260

a) Case 8611

b) ONERA case C

Fig. 1 Schematic representation of the test cases.

and 0.325 m, respectively,away from the leading edge of the bump.
The reservoir conditionsfor this problem are P0 =95,000 N/m2 and
T0 = 300 K. A comparison between various calculations using dif-
ferent models and numerical schemes can be found in the work by
Haase et al.36

At � rst, numerical simulations have been performed for the
case 8611. For this case there are also recent results using vari-
ous linear EVMs.31, 38 A computational grid with 160 £ 80 cells
has been employed. This was found to be adequate for obtaining
grid-independent solutions, and the same has also been shown by
Shih et al.31 For this test case the linear k–² model of Launder and
Sharma15 and the SST model of Menter,18 as well as the two- and
three-equationNLEVMs, were used.

Results for the separationbubble are presented in Figs. 2a and 2b
by plotting the streamlines around the trailing edge. As can be seen,
the size and shape of the separation bubble depends on the model
employed. The NLEVM as well as the SST models tend to predict
longer and thicker bubbles than the linear model. This can also be
seen from the results in Table 1, if one looksat the predictionsfor the
separation and reattachment positions. The results in Table 1 show
that the linear SST k– x and the nonlinear k–² models provide the
bestpredictionsregardingthe separationand reattachmentpositions.
Yet, the value of the maximum Mach number is better predicted by
the nonlinearmodels,whereas the resultsare inconclusiveregarding
the shock location. Moreover, the linear SST k– x , the nonlinear

Table 1 Comparisons between model predictions and experimental
data for the shock, separation, reattachment locations x/c,

and maximum Mach number (case 8611)

Shock Separation Reattachment Maximum
Model location point point Mach number

LS 0.61 0.78 1.08 1.29
SST 0.65 0.74 1.08 1.29
NL k–² 0.66 0.74 1.07 1.30
NL k– x 0.69 0.77 1.07 1.31
NL k–²– A2 0.59 0.79 1.05 1.31
Experimental2 0.63 0.70 1.10 1.32
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Table 2 Boundary-layer properties using various turbulence models
(case 8611)

Location Location
(x /c) of (x / c) of

Maximum s t x z maximum Maximum maximum
Model (dimensionless) s t xz d ¤ d ¤

LS 0.0075 1.067 1.29 1.001
SST 0.0101 0.990 1.24 1.003
NL k–² 0.0093 0.987 1.32 1.003
NL k– x 0.0107 0.932 1.20 1.003
NL k–²– A2 0.0114 1.059 1.21 1.003
Experimental2 0.019 1.15 1.2 1.02

a) SST model

b) NL k–²–A2 model

Fig. 2 Prediction of the separated � ow region for the case 8611.

k–², and the nonlinear k– x models predict the shock downstream
of the experimentally indicated position, whereas the LS k–² and
nonlinear k–²– A2 models predict it upstream. All in all, the linear
SST k– x and the nonlinear k–² models predict more accurately the
shock location.

In Table 2 the numerically predicted boundary-layer values are
compared with the measured ones. The boundary-layer separation
depends on the balance between shear stress and pressure gradient.
It is, thus, important to predict correctly the location and value of
the maximum shear stress as well as the pressure distribution.The
results in Table 2 show that all models underpredict the maximum
valueof the shearstress.The nonlineark–²– A2 gives the bestpredic-
tions both for the maximum shear stress and for the x /c location in
which it appears. Moreover, the nonlinear k– x and k–²– A2 models
provide the best results for the maximum value of the boundary-
layer thickness d ¤ . All in all, the preceding two models seem to

k–² models

k–! models

Fig. 3 Comparison between experimental data and numerical results
for the surface pressure distribution over the axisymmetric bump (case
8611).

provide the best results for the boundary-layer quantities, at least
for the present case.

In Fig. 3 the surface pressuredistributionsobtainedusing various
models are shown. Larger differences between the models are pre-
sented close to the shock wave as well as downstream of it, where
a pressure plateau is formed. The nonlinear k– x , nonlinear k–²,
and the linear SST k– x models give the best results downstream
of the shock wave. The nonlinear k–²– A2 also provides reasonable
results, but slightly overpredicts the pressure plateau compared to
the precedingmodels.On the other hand, this model performsbetter
downstream of the trailing edge.

Detailed comparisons between the various models predictions
are also shown in Fig. 4 for the velocity and turbulent shear-stress
pro� les. The linear models give better results for the velocity pro-
� les just after the separationpoint, upstream of the trailing edge. At
x / c =1 the best resultsare obtainedby thenonlineark–² and the lin-
ear SST k– x model. Concerning the turbulent shear-stresspro� les,
the results show that the nonlinearmodels provide, in general, larger
values than the linearmodels.At the trailingedge (x / c =1) the non-
linear models provide better results than the linear ones. However,
the results are rather inconclusive just downstream of the onset of
separation (x / c =0.75), although the maximum shear-stressvalues
obtained by the nonlinear models are closer to the experiment. At
x / c =0.75 the best results are provided by the nonlinear k–² and
SST k– x models.

For the second test case (Fig. 1b) four turbulence models were
compared: the Nagano–Kim16 k–² model, the SST18 model, and the
NLEVM k–² and k–²– A2 models of Craft et al.9, 10 and Suga.14 A
grid with 121 £ 121 cells was employed, and, as was also found
in previous studies,36 this grid size is suf� cient for obtaining grid-
independent solutions. The exit pressure is an important parameter
for controlling the shock position, and the value of 60 Pa gives
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correct shock positions both in computations with the linear and
nonlinear models.

As can be seen from the pressure distribution on the lower wall
(Fig. 5), the predictions by the linear and nonlinear models are in
good agreementwith the experimentaldata before the separationre-
gion.Most of the differencesare encounteredin the pressureplateau
region, downstream of the shock wave where � ow separation oc-
curs. The nonlinear models capture marginally better the pressure
distribution,and, to a certaindegree, this is becauseof the functional
form of the cl coef� cient.

In Fig. 6 the numerical predictions for the velocity and turbulent
shear stress are compared with the experimental data. As shown
from the velocitypro� les, better predictionsin the separationregion
are obtained by the nonlinear k–² model but with little difference
from the results of the k–²– A2 model. The precedingobservation is
also supported by the values of the separation and reattachment
points, as well as the maximum Mach number, reported in
Table 3.

The shear-stress pro� les presented in Fig. 6 show that all linear
models underestimate the magnitude of the turbulent shear stress,
whereas the nonlinear ones give slightly better predictions. The
k–²– A2 model was expected to give better results for the Reynolds
stresses because it is supposed to be sensitive to the anisotropy of
the turbulent � ow. Examining the experimental data by Délery, one
can see that the measurements indicate a magnitude of u 0 velocities
about 16 times higher than w 0 . As reported in the work by Benay
et al.,41 such an anisotropy is mainly caused by oscillations of the
shock wave. However, the present simulations are for steady-state
� ow, and, therefore, any anisotropy induced by inherent unsteady
effects cannot be captured.

The iso-Machlines for the linearNagano–Kim EVM and the non-
linear k–²– A2 EVM are shown in Figs. 7 and 8, respectively. The
nonlinearmodelpredictsbetter the strengthof the k -shockstructure,

Velocity pro� les

Turbulent shear stress pro� les

Fig. 4 Comparison between experimental data and numerical results for the velocity and turbulent shear stress pro� les (case 8611) at two locations
along the bump.

Table 3 Comparison between experimental data and
simulation results for the separation, reattachment location,

and maximum Mach number (ONERA case C)

Separation Reattachment Maximum
Model point point Mach number

NK 0.291 0.318 1.36
SST 0.264 0.327 1.36
NL k–² 0.256 0.328 1.37
NL k–²– A2 0.258 0.330 1.39
Experimental5 0.260 0.325 1.4

Fig. 5 Comparison between experimental data and numerical results
for the surface pressure distribution along the lower wall (ONERA
case C).
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Table 4 Work units required for computation
of the two � ow casesa

Model Case 8611 ONERA case C

LS 610 ——
NK —— 1090
SST 738 1090
NL k–² 890 1332
NL k– x 941 ——
NL k–²– A2 1028 1803

aA work unit corresponds to a minute of CPU time on a HP
9000/700/99 workstation.

Velocity pro� les

Turbulent shear stress pro� les

Fig. 6 Comparison between experimental data and numerical results
for the velocity and turbulent shear-stress pro� les (ONERA case C) at
two locations along the bump.

whereas the linear model seems to diffuse the second shock of the
k structure.

Concerning the CPU resources, the nonlinear three-equation
model is the most expensive one (Table 4). This is not mainly be-
cause of the extra time required for solving the third equation for
A2 quantity but is because this model increases the stiffness of the
numerical solution and results, in general, in slower convergence
rates. Yet the nonlinear k– x model also requires longer computing
times than the corresponding nonlinear k–² model, at least for the
case 8611. Concerning the linear models, the SST k– x model is,
in general, slightly more CPU demanding compared to the linear
k–² model. However, the SST k– x can be used in conjunctionwith
coarser grids in the near-wall region—with values of y+ » 2 at the
� rst grid point off the wall—without at the same time deteriorat-
ing the grid-independentresults. On the other hand, the k–²-based
models, both linear and nonlinear, were able to converge only for
y+ values less than 2 for the � rst grid point off the wall.

Fig. 7 Prediction of the ¸-shock structure using the Nagano–Kim k–²
model (ONERA case C).

Fig. 8 Prediction of the ¸-shock structure using the nonlinear k–²–A2
model (ONERA case C).

V. Conclusions
This paper presented validation and assessment of several linear

and nonlinear k–² and k– x models in transonic � ows over bump
geometries, featuring shock/boundary-layerinteractionand separa-
tion.

A general observation is that although some of the comparisons
indicate some improvementof the numerical predictionsbecauseof
the implementationof nonlinear models other comparisons seem to
be inconclusive. Another observation is that all linear k–² models
employed here gave worse results than the linear SST k– x and
the nonlinear models. Moreover, the results showed that the SST
k– x model provides in many cases results comparable to the ones
obtained by nonlinear models.

The improvement of the results using nonlinear models is ev-
ident, especially inside the separation � ow region. The nonlinear
models improve considerablythe predictionof the maximum value
of shear stress, but the results are still far from the experiment. Fur-
ther comparisons with the experimental data (not presented here)
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showed that the anisotropytensorai j was also underpredicted.Con-
cerning this point, there is still an uncertainty associated with the
real levels of turbulence anisotropy appearing in the � ow� eld and,
more speci� cally, with the anisotropyinducedby the shock wave. If
the anisotropy is induced by inherent shock oscillations, as Benay
et al.41 have reported, then the present simulations using nonlinear
models could not capture this effect because they have not been
performed in a time-accurate fashion.

There were also strong similarities between the predictions of
the nonlinear k–² and k– x models because the nonlinear k– x for-
mulation employed here was derived by the k–² formulation of
Craft et al.10 and Suga14 with minimal modi� cations.19 The pres-
sure plateau appeared in the separated � ow region is, generally,
better predicted by the nonlinear models. However, the results ob-
tained by the SST k– x model are also in good agreement with the
experiment, especially for case 8611. Furthermore, any aforemen-
tioned improvement obtained by the nonlinear models is achieved
against an increase of computing time, especially for the case of
the nonlinear k–²– A2 models. The latter leads to stiffer numerical
solutions because of the A2 equation.

Further improvementsof the three-equationmodel are necessary,
especially in connection with the computing time reduction. Such
effortscan possiblystart by examiningthe in� uenceof the boundary
conditions for the A2 equation or reformulating the model so that it
will use a different parameter to increase its sensitivity to the near-
wall turbulence anisotropy. A possible alternative is to use the A
equation as suggested by Suga.35
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